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ABSTRACT

The dispersion relation for continental shelf waves (CSWs) in a shelf region with an unbounded flat outer

ocean, a convex-upward exponential shelf, and an interior flat region of arbitrary width D is derived. The

calculations allow for a nonzero divergence of the wave motion. Some consequences of these findings are

discussed for the shelf west of Norway, where the shelf at mid-Norway is quite wide, while at Lofoten it is

much narrower. Furthermore, north of Lofoten, along the opening to the Barents Sea, the shelf becomes

extremely wide. In this region the conditions are nearly met for a double Kelvin wave. The paper discusses

how CSWs generated along the common storm track outside southwest Norway modify as they travel along

the shelf. The analytical results are compared with results from a numerical barotropic ocean model with

realistic shelf topography.

1. Introduction

The continental shelf can act as a waveguide for the

propagation of subinertial fluctuations of sea level and

currents (e.g., Allen 1980; Mysak 1980; Brink 1991).

Basically, these oscillations arise as a consequence of the

conservation of potential vorticity, and the phase always

propagates with the coast to the right (left) on the

Northern (Southern) Hemisphere (Longuet-Higgins

1965). This type of wave has been documented in several

parts of the world’s oceans since the 1960s (Hamon

1962), and as a general term they are often referred to

as coastal trapped waves (CTWs). Examples of recent

observations include the west coast of South America

(Camayo andCampos 2006), along the east coast ofNorth

America (Schulz et al. 2012; Chen et al. 2014), and around

Australia (Woodham et al. 2013). Continental shelf waves

(CSW) can be considered to define CTWs in the case of a

purely barotropic ocean (Wilkin 1988), and although the

presence of stratification often plays a significant role,

barotropic CSW theory has been useful in explaining

observed low-frequency signals propagating along a

number of continental margins. In general, stratification is

expected to increase the frequency of the waves (e.g.,

Huthnance 1978; Brink 2006; Sansón 2012).

As well as being an important constituent of the shelf

dynamics (e.g., Huthnance 1995), the presence of

CSWs may affect coastal ecosystems through enhanced

upwelling (e.g., Middleton and Bye 2007; Echevin

et al. 2014). Furthermore the results from Weber and

Drivdal (2012) indicate that these waves can induce

a significant Lagrangian drift that could be relevant

for the transport of, for example, biological particulate

matter or pollution along the coast.

The propagation of shelf waves has been studied ex-

tensively. As discussed by Huthnance (1975) and later

by, for example, Sansón (2012), there is no universal
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dispersion relation for waves over arbitrary topogra-

phy, but exact analytical solutions can be found for

idealized shelf shapes. Some of these include solutions

for a linearly varying (Pedlosky 1982), exponential

concave-upward (Ball 1967) and exponential convex-

upward (Buchwald and Adams 1968) shelf slope profile.

More recently, Schulz et al. (2012) combined the solutions

of Pedlosky (1982) and Ball (1967) to develop a dispersion

relation for CSWs in the Mid-Atlantic Bight. Although

dispersion relations can be found numerically for arbitrary

bathymetry in the cross-shelf direction (e.g., Brink and

Chapman 1985; Gjevik 2002; Kaoullas and Johnson 2010),

the analytical solutions can be useful for analyzing obser-

vational data and for comparing wave propagation char-

acteristics on one portion of the shelf to another (e.g.,

Camayo and Campos 2006; Schulz et al. 2012).

Barotropic models have on several occasions been

used to study the effect of an abrupt change in the shelf

width (e.g., Huthnance 1987; Webster 1987; Wilkin and

Chapman 1987; Yankovsky andChapman 1995). For the

Australian shelf, Woodham et al. (2013) find from ob-

servations that the sea surface height amplitude and the

phase speed of CTWs are closely correlated with the

shelf width. Schulz et al. (2012) also find a strong depen-

dency of phase speed on shelf width using their analyti-

cal model for a concave-upward shelf slope representative

of theMid-AtlanticBight.Herewewill focus on a convex-

upward shelf slope that can be suitable in other areas,

such as parts of the Australian shelf (Buchwald and

Adams 1968), the western coast of South America

(Camayo and Campos 2006), and the western coast of

Norway (Weber and Drivdal 2012).

In this study we adapt the model of Buchwald and

Adams (1968), who considered freely propagating

shelf waves over 1) a coastal bounded shelf with expo-

nentially increasing depth seaward and 2) a shelf with

the same depth profile, but without a coastal boundary.

These authors refer to the latter case of an infinitely

wide shelf as an ‘‘interior shelf.’’ This configuration is

a special case of that supporting double Kelvin waves

(see Longuet-Higgins 1968). Defining a flat shelf area of

arbitrary width shoreward of the shelf slope, we develop

a more general dispersion relation. The dispersion re-

lation is valid for any shelf width, which increases the

applicability of the theory to shelf configurations found in

the ocean. Some of the implications of this model are

discussed, and applications to the Norwegian shelf are

presented. Finally, the analytical model is compared with

results from a numerical barotropic ocean model. The

effect of stratification can be quantified in terms of the

Burger number Bu5 [NH/( fL)]2; see Huthnance (1978),

where L is a typical horizontal length scale and N is the

Brunt-Väisälä frequency. Taking L ; 150km, which is a

representative value for the width of the sloping shelf

west of Norway, we find from Slørdal et al. (1994) that
Bu; 0.1. This indicates that the effect of stratification on

CSWs is small in this region.

2. Linear theory

The continental shelf wave problem is solved along

the lines of Buchwald and Adams (1968) and Gill and

Schumann (1974; see also Gill 1982). We here disregard

the effect of bottom friction. The linearized equations

for the barotropic part of the CSW field are

U
t
2 fV52gHh

x
, (1a)

V
t
1 fU52gHh

y
, and (1b)

h
t
52U

x
2V

y
, (1c)

where t denotes time and x and y are the alongshore and

cross-shore horizontal axes, respectively. The corre-

sponding velocity components are (u, y), and h is the

surface elevation. Furthermore, f is the constant Coriolis

parameter, and g is the acceleration due to gravity. The

fluxes (U, V) are defined by

(U,V)5

ð0
2H

(u, y) dz . (2)

The bottom profile is given by (see Fig. 1)

H5

8<
:

H
1
, 2D# y# 0

H
2
5H

1
e2by , 0# y#B

H
3
5H

1
e2bB , y$B .

(3)

FIG. 1. Shelf model: the shelf in area 1 is bounded by land at y5
2D, has a constant depthH1, and reaches the shelf break at y5 0.

The depth of the continental slope (area 2) increases exponentially

as H2 5 H1 exp(2by) until y 5 B. The deep ocean (area 3) of con-

stant depth H3 5 H1 exp(2bB) extends to infinity.

538 JOURNAL OF PHYS ICAL OCEANOGRAPHY VOLUME 46

Brought to you by HAVFORSKNINGINSTITUTTET | Unauthenticated | Downloaded 02/01/24 09:00 AM UTC



Here D is the width of the interior shelf region denoted

by 1 in Fig. 1, where the depth is constant and equal to

H1. Furthermore, B characterizes the width of the

depth-varying shelf region 2, and the deep ocean (re-

gion 3) has constant depth H3 5 H1 exp(2bB), where

b is a constant that yields the depth variation in region 2.

The deep ocean extends to infinity in the y direction.

The set of Eq. (1) can be combined into one equation for

the surface elevation h. Taking ›[Eq. (1a)]/›t1 f [Eq. (1b)],

2f [Eq. (1a)]1 ›[Eq. (1b)]/›t, and (›2/›t 21 f 2)[Eq. (1c)],

Eqs. (1a)–(1c) become

�
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�
U52gHh

xt
2 gfHh

y
, (4a)
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Taking ›[Eq. (4a)]/›x1 ›[Eq. (4b)]/›y and using Eq.

(4c), we arrive at
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(5)

We here consider low-frequency (subinertial) waves.

If h ; exp[i(kx 2 vt)], where k and v are the wave-

number and the frequency, respectively, this means that

jvj , f. Under certain circumstances this problem can

be simplified by using the rigid-lid approximation (e.g.,

Buchwald and Adams 1968; Smith 1972; Gill and

Schumann 1974). However, this may lead to spurious

results for small wavenumbers when the shallow inner

shelf becomes very wide (Longuet-Higgins 1968). We

intend to investigate the dispersion relation for an ar-

bitrary width D of the inner shelf, allowing for a freely

moving surface. With h 5 h(y) exp[i(kx 2 vt)], Eq. (5)

reduces to

d

dy

�
H

dh

dy

�
2

�
Hk2 1

f 2 2v2

g
2

kf

v

dH

dy

�
h5 0. (6)

Now, using the transform h(y) 5 H21/2s(y), Eq. (6)

becomes

d2s

dy2
1

�
2k2 2 b2 1

2kbf

v
2

f 2 2v2

gH

�
s5 0. (7)

We here assume that v2 � f 2 1 gHk2. This assumption

filters out Poincaré waves (nontrapped waves) from the

flat parts of our model domain. In the flat-bottomed

regions the solutions become

s
1
5A

1
exp(k

1
y)1C

1
exp(2k

1
y), y# 0,

s
3
5C

3
exp(2k

3
y), y$B , (8)

where

k
1
5 (k2 1 d21)

1/2, d
1
5

f

(gH
1
)1/2

,

k
3
5 (k2 1 d23)

1/2, d
3
5

f

(gH
3
)1/2

. (9)

Over the sloping bottom we simplify Eq. (7). Realizing

that the bottom gradient resides in the 2kbf/v term,

we approximate the depth in the last term by the mean

depth, that is, we take H ’ Hm 5 (H1 1 H3)/2. This

approximation will be discussed in the next section.

Hence, we may write

s
2
5C

2
sin(ly)1D

2
cos(ly), 0# y#B , (10)

where l, for certain wavenumbers k, may be purely

imaginary. For Eq. (10) to be a solution of Eq. (7), we

must have

l2 5 2kbf /v2 k2 2 b2 2 d2m , (11)

where

d
m
5

f

(gH
m
)1/2

. (12)

To obtain l 5 l(k) for the given geometry, we must

apply the boundary conditions. These are the conti-

nuity of sea level and volume fluxes in the y direction

at y 5 0 and at y 5 B, as well as zero normal flux at

y 5 2D. To express the normal flux boundary con-

ditions in terms of the amplitude function s, we con-

sider Eq. (4b) with V 5 V(y) exp[i(kx 2 vt)] and

h 5 H21/2s(y) exp[i(kx 2 vt)]:

i( f 2 2v2)V

vgH1/2
52

�
kf

v
2 b

�
s2

ds

dy
. (13)

In terms of s, the boundary conditions then become

ds
1

dy
1
kf

v
s
1
5 0, y52D ; (14a)

s
1
5 s

2
, y5 0; (14b)

ds
1

dy
5

ds
2

dy
2 bs

2
, y5 0; (14c)

s
2
5 s

3
, y5B; and (14d)

ds
3

dy
5
ds

2

dy
2 bs

2
, y5B . (14e)
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Inserting Eqs. (8) and (10) into Eq. (14), it is found that

tanlB5
l(Rk

1
1 k

3
)

b2 1 l2 1 b(Rk
1
2 k

3
)2Rk

1
k
3

, (15)

where k1 and k3 are defined in Eq. (9) and R is given by

R5
kf 2vk

1
1 (kf 1vk

1
) exp(22k

1
D)

kf 2vk
1
2 (kf 1vk

1
) exp(22k

1
D)

. (16)

Equation (15) for l is general. For the special case of

no inner shelf (D 5 0), we are back to the problem first

treated by Buchwald and Adams (1968). They applied

the rigid-lid approximation, that is, d1 5 dm 5 d3 5 0.

Then Eq. (15) reduces to

tan(lB)52
l

k1 b
, (17)

as in Buchwald and Adams (1968). For a very wide in-

ner shelf (D / ‘), this problem becomes a special case

of the double Kelvin wave problem with continuous

depth profile solved by Longuet-Higgins (1968). In that

case R / 1 in Eq. (15), which then reduces to

tan(lB)5
l(k

1
1 k

3
)

b2 1 l2 1 b(k
1
2 k

3
)2 k

1
k
3

. (18)

Furthermore, in the rigid-lid case (d1 5 dm 5 d3 5 0),

we find

tan(lB)5
2kl

b2 1 l2 2 k2
, (19)

which is Buchwald and Adams’s (1968) result for an

infinitely wide shelf. As first pointed out by Longuet-

Higgins (1968), the rigid-lid assumption in this case leads

to erroneous results when k / 0 (yielding nonzero

frequency and negative group velocity).

Rearranging Eq. (11), the dispersion relation for conti-

nental shelf waves with this bottom topography becomes

v

f
5

2kb

k2 1 l2 1 b2 1 d2m
. (20)

In the following section, we solve the CSW problem with

a freely moving surface for selected sections of the-

Norwegian continental shelf. Since the rigid-lid approxi-

mation is so frequently used for this problem (Buchwald

and Adams 1968; Smith 1972; Gill and Schumann 1974),

we compare our results for a free-surface calculation with

those obtained applying a rigid lid at the surface.

3. Application to the Norwegian shelf

As can be seen in Fig. 2, the Norwegian continental

shelf is highly irregular, with varying width in the direction

normal to the coastline. The shelf extends from the north

of the mainland into the Barents Sea toward the Svalbard

archipelago. We aim to investigate if the simple analytical

model for CSWs over an exponentially varying depth de-

scribed in the previous section can give an indication to

whether a disturbance generated over the shelf southwest

of Lofoten (see Fig. 2) can propagate as a shelf wave over

the varying topography along the coast and farther along

the edge toward Svalbard. With appropriate values ofH1,

H3, B, and D, the relation from Eq. (3) determines

the values of H2 and b and can be used to construct a

model of the cross-shelf bottom topography. A compari-

son between this idealized bottom topography profile with

the bottom topography from the numerical model pre-

sented in section 5 (along the transect shown as a red line

in Fig. 2) can be seen in Fig. 3. The wider shelf sections

both southwest and north of Lofoten are very irregular,

but representative mean values for the shelf configuration

are given in Table 1. It can be seen from Fig. 2 that the

southwestern shelf is bounded by the west Norwegian

coastline, while the shallow region east of the escarpment

north of Norway stretches far into the Barents Sea. The

nearest land that bounds this region is the island ofNovaya

FIG. 2. Map of the Norwegian coastal area with bottom contours.

The narrow continental shelf outside Lofoten and Vesterålen is bor-

dered by a wider shelf both to the north and southwest. Green points

indicate locations where time series of SSH are taken (these will

subsequently be referred to as points 1–9, counting from south to

north). The bottom topography is from the numerical model de-

scribed in section 5.
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Zemlya, approximately 1200km to the east (not seen in

Fig. 2). For the shelf southwest of Lofoten, we consider a

width of 155km to be representative, which is similar to

that used by Martinsen et al. (1979). With these values for

the bottom profiles, the dispersion relations for the first

and second modes for all three shelf sections can be cal-

culated fromEq. (20) and Eq. (15), and the result is shown

in Fig. 4. Since strong wind events historically occur at the

southwestern part of the Norwegian shelf (apart from

polar lows), before moving northeast and inland, it is

natural to consider this part of the shelf as the generation

area for CSWs. Typical periods here will be 1–3 days;

see Gjevik (2000). From Fig. 4 we realize that any first-

mode CSW to pass the Lofoten region must have a fre-

quency less than 0.74f (maximum of the green curve). At

mid-Norway this frequency corresponds to a wave with

wavelength of about 680km (blue curve). Obviously, all

first-mode CSWs with wavelengths longer than this can

pass into the Lofoten area. However, conserving fre-

quency, the local wavelength here will be much shorter,

which also means a much lower phase speed and lower

group velocity. This may lead to CSW breaking in the

region outside Lofoten and thereby to the enhancement of

the quite strong current in this region. FromGascard et al.

(2004) we observe that the water mass over the shallow

shelf is low-salinity Norwegian Coastal Current (NCC)

water, extending outwards to about 60km from the coast.

From the estimated flux of 0.7 Sverdrups (Sv; 1Sv [
106m3 s21) for the NCC (Björk et al. 2001), this yields

mean velocities of about 0.2ms21. The waves that leave

Lofoten will continue with a much longer wavelength in

the Barents Sea opening, as can be seen from the red solid

curve in Fig. 4. However, if the wave periods are long

(v/f & 0.22), the wave energy may travel past Lofoten

and in the Barents Sea as second-mode CSWs (red dashed

line). We also note from Fig. 4 that the maximum fre-

quencies in the approach region (south of Lofoten) and

outside Lofoten (blue and green curves) are slightly

greater than in the Barents Sea opening (red curve). In

principle, this means that waves of a very limited fre-

quency range may not propagate into the Barents Sea. In

practice, however, since the difference in maximum fre-

quency is so small, we expect most waves of frequencies

lower than the maximum frequency south of Lofoten to

be able to pass into the Lofoten area and continue into the

Barents Sea.

We note from Fig. 4 that our maximum frequency v is

close to 0.7f. We have previously assumed that v2/f 2 �
1 1 gHk2/f 2 in Eq. (7) to ensure trapped waves. In-

serting typical values (H ; 300m, k ; 5 3 1026m21),

the requirement for this case becomes v2/f 2 � 6, so the

result v/f ; 0.7 is well within this limit.

As mentioned before, the rigid-lid approximation

leads to spurious results for small wavenumbers when

the inner shelf is very wide. To see how finite shelves

are affected, we have calculated the dispersion curves

for the first mode at our three previous locations at the

Norwegian shelf, using the rigid-lid approximation.

FIG. 3. Cross-shelf bottom topography outside Lofoten. The blue

solid line is the bottom topography from the numerical model

described in section 5, corresponding to the section indicated by the

red line in Fig. 2, while the green dashed line is the model shelf

using Eq. (3) with the values in Table 1.

TABLE 1. Parameters for the model cross-shelf bathymetry.

H1 H3 B D

Southwest of Lofoten 200m 3200m 10 km 155 km

Lofoten and Vesterålen 130m 2800m 28 km 28 km

North of Lofoten 300m 2800m 100 km 1200 km

FIG. 4. Dispersion relations for the cross-shelf profiles corre-

sponding to the sections south of Lofoten (blue lines), seawards of

Lofoten (green lines), and north of Lofoten (red lines). First modes

are displayed as solid lines, while second modes are dashed lines.
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The results are plotted in Fig. 5. We find noticeable dif-

ferences only in the Barents Sea opening (D/B5 12); see

Table 1. Here we have a deviation at the peak fre-

quency of about 8%. All in all, it must be concluded that

the rigid-lid approximation works quite well along the

shelf outside Norway. In this connection it is also rele-

vant to consider the approximation Hm 5 (H1 1 H3)/2

in the dispersion relation [Eq. (20)]. We realize that this

term is related to the divergence effect. Whether we

use the extreme values Hm 5 H1 or Hm 5 H3 is not

crucial, since the divergence effect plays a minor role

along the Norwegian shelf, as demonstrated by the suc-

cess of the rigid-lid approximation (see, e.g., Fig. 5). In

our caseHm5 (H11H3)/2 appears to yield a reasonable

middle-of-the-road value.

4. Cross-shelf variation

As first reported by Buchwald and Adams (1968) for

an infinite inner shelf, the offshore variation (the y

variation) of the CSW field over the slope was hyper-

bolic for small k, that is, the wavenumber l was purely

imaginary. On the other hand, for vanishing inner shelf

(D 5 0), l is always real, so the wave field varies si-

nusoidally over the slope. We investigate this problem

for arbitrary shelf width, and apparently there must

be a threshold value of D that marks this transition.

Since the rigid lid works well for small and moderate

D in our case, we use it to simplify the calculations, that

is, we take d1 5 dm 5 d3 5 0 in Eqs. (20) and (15).

Scaling with B, we now may define the dimensionless

quantities

k̂5 kB, l̂5 lB, â5
D

B
, ŝ5

v

f
, b̂5 bB . (21)

Then, from Eqs. (20) and (15),

ŝ5
2k̂b̂

b̂2 1 k̂2 1 l̂2
(22)

and

tan(l̂)5
(11T)k̂l̂

Tl̂2 2 (k̂2 b̂T)(k̂1 b̂)
, (23)

where now

T5 tanh(âk̂) . (24)

Similar to the analysis of Buchwald and Adams (1968)

for the special case of an interior shelf, the de-

nominator on the right-hand side (RHS) of Eq. (23) has

zeros. Since we now consider a finite shelf width D,

we realize that 0 , T , 1, and since by definition

k̂, b̂. 0, it can be seen from Eq. (23) that zeros now

have to occur for k̂2 , l̂ 2 1 b̂2. LetG be the graph of the

RHS of Eq. (23). When l̂ is real, G tends to infinity at

l̂5 d, where

d2 5
k̂2 1 k̂b̂2 k̂b̂T

T
2 b̂2 . (25)

It should be noted that compared to the interior shelf

considered by Buchwald and Adams (1968), the as-

ymptotic value occurs for larger l̂. This is because

d becomes larger for smaller values of â. In practice T

rapidly increases toward 1 as â increases. The graph-

ical solutions of Eq. (23) for k̂. b̂T can be seen in

Fig. 6 (bottom panel). It can be seen that for k̂$ cbT,
there is only one solution of Eq. (23) in each interval

(n2 1)p, l̂, np, where n5 1, 2, 3, etc. Also observe

that for k̂5 b̂T, that is, d 5 0, all intersections are at

l̂, (n2 1/2)p. The case of k̂, b̂T has been sketched in

Fig. 6 (top panel). Combining the two cases, it may be

seen that for n $ 2, l̂n(k̂) varies monotonically from

(n 2 1)p to np as k̂ varies from 0 to ‘. This is very

similar to the result of Buchwald and Adams (1968)

for the interior shelf. As seen in Fig. 6 (top panel), Eq.

(23) has no roots in the interval 0, l̂,p for k̂, k̂0,

where k̂0 . 0 is the minimum value of k̂ for real l̂ that

occurs in the limit l̂/ 0. From the third-order Taylor

expansion of Eq. (23) about l̂5 0 and dividing by l̂, it is

found that

FIG. 5. As in Fig. 4, but where the dashed lines are the first modes

calculated from the rigid lid approximation.
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11
1

3
l̂ 2 52

(11T)k̂

(k̂2 b̂T)(k̂1 b̂)
1

(11T)k̂T

(k̂2Tb̂)2(k̂1 b̂)2
l̂ 2 .

(26)

With k̂5 k̂0, T5T0 5 tanh(k̂0â), and neglecting terms

of order l̂ 2, this reduces to

tanh(k̂
0
â)5

k̂2
0 1 (11 b̂)k̂

0

b̂2 1 (b̂2 1)k̂
0

. (27)

FromEq. (27) it can be seen that the value of k̂0 depends

on the value of â. In the limits of an interior shelf (â/‘,
T0 5 1) and an exponential shelf (â/ 0, T0 5 0), the

solutions of Eq. (27) become k̂0 5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
11 b̂2

p
2 1 and

k̂0 5 0, respectively (Buchwald and Adams 1968). The

solution for intermediate values of â can be visualized by

plotting the left-hand side (LHS) and RHS of Eq. (27),

as shown in Fig. 7. As can be seen in Fig. 7, Eq. (27) has

no roots for values of â below some threshold value ât.

The value of ât can be found by considering the limit of

Eq. (27) as k̂0 / 0. From Fig. 7 it can be seen that for a

solution to exist, the LHS must be larger than the RHS

in this limit. In terms of Eq. (27), using a second-order

Taylor expansion, this means that

â.
11 b̂

b̂2
5 â

t
. (28)

Accordingly, for â. ât, Eq. (27) can be solved to find

the value of k̂0. For values of k̂, k̂0, l̂ is then purely

imaginary. For values of â# ât, however, Eq. (27) has

no solutions, which means that l̂ is real for all k̂, and the

values for the first mode can be found by solving

Eq. (23) (lines will always cross in Fig. 6). In di-

mensional terms, the threshold shelf width Dt be-

comes from Eq. (28)

D
t
5
11 bB

b2B
. (29)

FIG. 6. Graphical solutions of Eq. (23) for (top) k̂, b̂T and (bottom) k̂. b̂T. The LHS of

Eq. (23) is indicated by the solid line and the RHS by the dashed line.
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In the preceding sections, we have used idealized bottom

topography in three different locations along the Nor-

wegian shelf, so the resultsmust be viewed in a qualitative

sense. In the next section, we perform some numerical

experiments on CSW propagation with more realistic

bottom topography to see how well our idealized ap-

proach catches the real physics of the problem.

5. Numerical example

A common way to detect coastally trapped waves is to

investigate their signature in the sea surface height

(SSH) using data from tide-gauge observations and/or

ocean circulation models (e.g., Sheng et al. 2006;

Thiebaut and Vennell 2010; Schulz et al. 2012;

Woodham et al. 2013; Chen et al. 2014). There are few

tide-gauge stations along the west coast of Norway, and

some of them are located in sheltered areas between

islands and inside fjords. Furthermore, there are no

measurements over the shelf between Norway and

Svalbard. To investigate the propagation of CSWs along

the shelf west of Norway, we have therefore applied a

two-dimensional (2D) depth-averaged version of the

Regional Ocean Modeling System (ROMS; e.g.,

Shchepetkin and McWilliams 2005; Haidvogel et al.

2008). Similar 2D models have been used operationally

to forecast storm surges in several countries of Europe

(e.g., Flather 2000). The present setup of ROMS covers

the Nordic Seas, including the adjacent North Sea,

Barents Sea, and the Baltic Sea. Grid spacing is ap-

proximately 4 km in the horizontal direction, and a

polar-stereographic map projection is utilized. The ba-

thymetry is based on the GEBCO_08 grid (version

20100927, http://www.gebco.net), which has global

coverage of 30 arc s 3 30 arc s resolution. This fine-

resolution bathymetry is interpolated to the model

grid using distance-weighted averages over the points

falling within a model grid cell. The model simulates the

barotropic mode, using a constant reference density. At

open boundaries, we apply the free surface Chapman

(1985) and 2D-momentum Flather (1976) boundary

condition scheme as proposed by Marchesiello et al.

(2001). Only the linearized inverse barometer effect is

added at open boundaries. Bottom stress is based on a

quadratic law, with respect to depth-averaged cur-

rents. External forcings are mean sea level pressure

(MSLP) and surface stress, where calculation of the

latter follows Charnock (1955). Wind and MSLP are

extracted from the ERA-Interim reanalysis (Dee

et al. 2011).

In the study by Martinsen et al. (1979), both Kelvin

waves and shelf waves are found along the coast as well

as propagating double Kelvin waves along the escarp-

ment between the north of Norway and Svalbard.

However, these authors use a very simple bottom to-

pography (step shelf), and the model has a coarse res-

olution. In fact, from the analytical shelf wave solutions

for a step shelf, it can be seen that the dispersion relation

becomes equal to the dispersion relation for double

Kelvin waves in the shortwave limit, whichmakes it hard

to distinguish them from each other. Several other nu-

merical studies have also considered CSW propagation

along the Norwegian coast (e.g., Gjevik 1990, 1991;

Slørdal et al. 1994). However, these rely on coarse hor-

izontal grid resolution [Gjevik (1990, 1991) uses 50 km

and Slørdal et al. (1994) use 20km] and a simplified

coastline. These simplifications make it hard to draw any

conclusions to how the irregular coastline of Norway,

with abrupt changes in shelf width (e.g., the narrow shelf

at Lofoten), affects CSW propagation.

To isolate the sea surface response to the atmospheric

forces, the model is run without tidal forcing. For this

study the model is run with atmospheric forcing from a

storm event that occurred in February 1989. This event

is chosen as an example because the low-pressure system

causing the storm was quite isolated and resulted in an

unusually strong SSH signal along the coast. As the front

of the storm reached the coast on 15 February at

0000 UTC, the pressure in the center was about 950 hPa,

and the 10-m wind speed was approximately 26 m s21.

To analyze themodel results, we define an SSH anomaly

(SSA) by subtracting the winter mean (January–March)

from the SSH. The development of the resulting SSA for

four points along the coast can be seen in Fig. 8. Clearly,

there is a peak in SSA after the storm reaches the coast

at all four stations shown, and it can be seen that the SSA

FIG. 7. Graphical solutions of Eq. (27). The left-hand side (D .
Dt, solid line; D , Dt, dashed line) is denoted by LHS, and the

right-hand side (dashed-dotted line) by RHS.
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is highly correlated over the whole month, with a small

time lag.

The present setup gives reasonable results for storm

surges along the Norwegian coast, but it is very de-

pendent on the quality of the atmospheric forcing.

Comparing it with observations for tide-gauge stations

along the coast of Norway, the present setup with

ERA-Interim forcing gives correlation coefficients be-

tween observed storm surge residual (difference be-

tween observed water level and tidal predictions) and

modeled SSH of around 0.96 for the period 1 January to

30 April 1989. Adjusting for differences in mean water

level for the period considered, root-mean-square errors

are around 0.06m at the stations.

Themodeled SSA response to the storm for the whole

model domain can be seen in Fig. 9, together with the

position of the storm center, indicated by circles. Typi-

cally for the storms reaching the western coast of Nor-

way, the storm follows a path at an angle along the coast,

approaching land as it travels northward. Since the

storm has a direction along the coast in the same di-

rection as the propagation of a CSW, it is not straight-

forward to distinguish between the specific SSH

response of a CSWand the specific response to the storm

itself. However, several interesting features can be seen

in Fig. 9. First, we notice that the SSA signal seems to

travel along the escarpment between the north of

Norway and Svalbard. Second, there is a signal that

seems to propagate like a coastal Kelvin wave eastward

along the northern coast of Norway into the Barents

Sea. To study the free wave response without atmo-

spheric interference, the model is also run with the at-

mospheric forcing turned on only during the time when

the storm passes the southern part of the shelf in Fig. 2.

In this idealized experiment with the storm activated

for a limited period, we have spun up the model to

steady state based on the winter mean (1 January

to 30 April) MSLP and surface stress. Then at

0600 UTC 14 February, we start a 12-h linear interpola-

tion from the mean field to the actual synoptic forcing,

with full forcing from 1800 UTC onward for 30h until

0000 UTC 16 February. The forcing is then interpolated

back to the mean forcing, and this is held constant from

1200 UTC 16 February. A Hovmöller diagram con-

structed from the time series of SSA from this idealized

run and the distance between the points along the shelf

indicated in Fig. 2 can be seen in Fig. 10. Here, a rough

estimate of the propagation speed can be made from

the slopes of the wave features. From Fig. 10 it can be

seen that the signal is damped, and the waves die out in

time as the model adjusts to the constant background

forcing. There is a clear tendency for slower propagation

along the narrow shelf, which can be seen as

steeper slopes of the wave features at the points along

FIG. 8. Time series of SSA from the model at four points along the coasts. The points are

numbered as shown in Fig. 2.
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Lofoten (vertical lines 3–5 from the left in Fig. 10, cor-

responding to points 4–6 in Fig. 2). From the slope of the

feature on 18–19 February, the phase speed south of

Lofoten (points 1–3) can be estimated to about 24ms21,

while it drops to approximately 5ms21 along the narrow

shelf farther north (points 4–6). As the shelf widens to

the north after Lofoten, the signal seems to propagate

much faster, but the amplitude of the signal becomes

so low that it is hard to give an estimate of the exact

phase speed in this region from the Hovmöller dia-

gram. From the mean lag of the features on 17–

22 February, we consider a reasonable estimate of

the period to be 44 h in this case, corresponding to

approximately v/f 5 0.3. Using this, together with

the estimated phase speeds, we can calculate the

corresponding wavenumbers, and the frequency–

wavenumber pairs are plotted together with the

theoretically derived dispersion diagrams in Fig. 11.

Apparently, the agreement is quite good between the

modeled and analytically derived dispersion curves.

However, it must be stressed that for the high phase

speed found along the wide shelf south of Lofoten,

the signal may well be a coastal Kelvin wave. In order

for this to be a CSW, the wavelength must be as much

as 3800 km (Fig. 11), which is more that we would ex-

pect for a CSW in this region. Conversely, the wave-

number on the narrow shelf corresponds to a

wavelength of approximately 800 km. The observed

signal probably contains both type of waves, and it is

difficult to distinguish between the two on the wide

shelf south of Lofoten. However, the strikingly slower

propagation along the shallow shelf along Lofoten

cannot be explained by a coastal Kelvin wave, but it

does fit nicely with the CSW theory.

FIG. 9. SSA from the model when full atmospheric forcing is applied. The approximate position of the low-pressure center is indicated by

a black circle.
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6. Summary and concluding remarks

In this study, we have derived a theory for the dis-

persion of freely propagating continental shelf waves

(CSWs), valid for arbitrary shelf width. Our calculations

allow for a nonzero divergence of the wave motion. The

theory has been applied to the propagation of CSWs

along the Norwegian west coast, and farther along the

escarpment between northern Norway and the Svalbard

archipelago (which in terms of the applied theory can be

considered an extremely wide continental shelf). This

configuration is close to that supporting double Kelvin

waves (Longuet-Higgins 1968). The effect of stratifica-

tion on CSWs in this region has been investigated by

idealized model runs (Gjevik 1991; Slørdal et al. 1994).
They conclude that the effect on long CSWs is small.

Assuming that the frequency is conserved, a CSW

passing Lofoten has to slow down considerably on

the narrow shelf, with a correspondingly shorter

wavelength. To pass on to the much wider shelf north

of Norway, the wavelength has to increase to more

than its original value, with a correspondingly higher

phase speed.

Calculations of the dispersion relation for the lo-

cations at the Norwegian shelf have also been done

using the rigid-lid approximation. This approximation

turns out to be very good. The only exception is for

the very wide inner shelf north of Lofoten. Here the

deviation at the peak frequency from the free-surface

value is about 8%.

From realistic model runs, we have demonstrated

that sea surface signatures of CSWs are difficult to

separate from other barotropic waves such as coastal

Kelvin waves along the Norwegian coast. However, the

model shows that the barotropic signal propagating

FIG. 10. Hovmöller plots of the SSA from the nine points shown in Fig. 2 for the idealized

case of an isolated storm event. Note that the times for February on the y axis correspond to

times after the storm has ceased. The vertical black lines correspond to the points shown in

Fig. 2, starting with the southernmost point (left) going northward (to the right).

FIG. 11. Zoomed version of Fig. 4 (for the first modes), including

frequency–wavenumber pairs from the model run for the wide

shelf south of Lofoten (blue diamond) and the narrow shelf west of

Lofoten (green diamond).
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along the coast slows down significantly when it reaches

the narrow shelf outside Lofoten, before speeding up

again on the much wider shelf after Lofoten, consistent

with the theory for CSWs. Furthermore, when running

the model with idealized forcing, that is, an isolated

storm event, we find that the sea surface response

propagates like a CSW along the narrow part of the

shelf. The attenuation of the signal is probably due to

the rather strong friction in the numerical model. In

addition, there is probably a split in energy between

northward propagation along the escarpment and

eastward propagation into the Barents Sea.

It must be emphasized that the theoretical results for

arbitrary shelf width presuppose an idealized (infinitely

long) shelf in the wave propagation direction. The ap-

plication to real shelves implies that the Wentzel–

Kramers–Brillouin (WKB) approximation can be used.

For the shelf west of Norway this is somewhat prob-

lematic, since, from our analytical results, the change in

wavelength over the total length of the shelf is of order

one. It is therefore encouraging that the numerical

model results for a realistic shelf topography yield fre-

quencies and wavenumbers for the shelf south of Lofo-

ten and outside Lofoten that fit reasonably well with the

theory (see, e.g., Fig. 11).
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